ON THE DIMENSION OF COHOMOLOGY OF BIANCHI GROUPS 

MEHMET HALUK §ENGUN AND SEYFI TURKELLI 



Abstract. Using Lefschetz numbers of certain involutions, we provide explicit lower 
bounds for the cuspidal cohomology of principal congruence subgroups of Bianchi groups. 
The asymptotic lower bounds that follow from our results complement recent results of 
Calegari-Emerton, Marshall and Finis-Grunewald-Tirao. Moreover, we discuss the rela- 
tionship between these involutions and the base change classes in the cohomology. 
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1. Introduction 

Bianchi groups are groups of the form SL2(C) where O is the ring of integers of an 
imaginary quadratic field. Just as the cohomology of the classical modular group SL2(Z) is 
central to the theory of classical modular forms, the cohomology of Bianchi groups is central 
to the study of Bianchi modular forms, that is, modular forms over imaginary quadratic 
fields. 
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Understanding the behavior of the dimension of the cohomology of Bianchi groups and 
their congruence subgroups is a long open problem. Up to date, there is no explicit di- 
mension formula of any sort. Utilizing the compactification theory of Borel-Serre (which 
basically amounts to closing the cusps of the 3-folds associated to Bianchi groups with 
2-tori), we can decompose the cohomology into two parts: the cuspidal part and the Eisen- 
stein part. While it is easy to compute the dimension of the Eisenstein part, understanding 
the dimension of the cuspidal part is very hard. 

In 1984 Rohlfs, developing an idea that goes back to Harder (see the end of ^lOj), pro- 
vided in [20] an explicit lower bound for (the cuspidal part of) the first cohomology with 
trivial complex coefficients of Bianchi groups. Around the same time, Kramer, mainly using 
techniques developed by Rohlfs, made these lower bounds sharper. In their recent paper 
[3, Finis, Grunewald and Tirao provided explicit lower bounds for the cuspidal part of the 
first cohomology with certain non-trivial coefficient systems of Bianchi groups. 

There has been significant recent developments in understanding the behavior of the di- 
mension asymptotically. In [5] Calegari and Emerton, using techniques from non-commutative 
Iwasawa theory, provided asymptotic upper-bounds for the first cohomology, with a fixed 
coefficient system, as one goes down in a tower of principal congruence subgroups of prime- 
power level of a fixed Bianchi group. In a complementary direction, Marshall proved in 
[17j . using the approach of Calegari and Emerton, an asymptotic upper-bound for the first 
cohomology of a congruence subgroup of a Bianchi group as the coefficient system varies. 

In this paper, we provide explicit lower bounds for the cuspidal cohomology of principal 
congruence subgroups of Bianchi groups, using results and methods produced by Rohlfs 
[19] and Blume-Nienhaus [3]. As a by product, we derive asymptotic lower bounds, com- 
plementing the above mentined work of Calegari-Emerton and Marshall. It is well-known 
to the specialists that there is an intimate relationship between these lower bounds and the 
size of base change classes in the cohomology. We include a discussion of this relationship in 
this paper as we were unsuccessful in finding a clear source in the literature. A summary of 
the method and the results is provided in Section [TT2] for the convenience of the reader. We 
discuss the case of general involutions in Section [2l we specialize to the involutions induced 
by complex conjugation and twisted complex conjugation in Section [3l In Section HI we 
discuss the contribution of the cohomology of the boundary. The asymptotic lower-bounds 
are presented in Section [5l In Section [6l we discuss the relationship between these two 
specific involutions and the base-change classes in the cuspidal cohomology. 

Acknowledgments We thank Steffen Kionke and Joachim Schwermer, who very recently 
announced asympotic lower bounds for the first betti numbers of arithmetic hyperbolic 3- 
manifolds, for bringing to our attention a mistake in an earlier version of this paper. 

1.1. Set-up. Fix a square-free negative integer d ^ —1,-3, let K be the imaginary qua- 
dratic field Q(\/d) with class number h and ring of integers O. Let G be the associated 
Bianchi group SL2(C') and F be a finite index subgroup of G. Given a nonnegative integer 
k, let be the space of homogeneous polynomials over C in two variables of degree k with 
the following F-action: given a polynomial p{x,y) G E^, 

p{x,y) ■ icd) =p{ax + by,cx + dy). 

Let Ef^^k := i?^. (8)c -E'/c is a F-module where the action of F on the second component is 
twisted by the conjugation. 
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The group G acts discontinuously as isometries on the hyperbohc 3-space H ~ C x R+ 
and the quotient Ir := r\H has the structure of an hyperbohc 3-fold. Let £ be the local 
system on Ip induced by some complex finite-dimensional F-representation E. It is well 
known that Yp is an Eilenberg-MacLane space for T and so 

H''{T,E) ^ H''{Yt,£). 

1.2. Summary of Results. Let a S G{K/Q) be the only nontrivial element; that is, the 
complex conjugation. Suppose that a acts on E and F in a compatible way so that it 
induces an action on the cohomology H^{T,E). Since a is an involution, the eigenvalues of 
this action is ±1 and so the trace tr{a \ W{T,E)) is an integer. 

One defines the Lefschetz number of a as the following integer 

Lia,r,E) = Y,i-'^)M'^ \ H\T,E)). 

i 

These Lefschetz numbers were first considered by Harder in [10] where he computed 
them to give lower bounds for the cohomology of certain types of principal congruence 
subgroups F with E = C In his 1976 Bonn Habilitation Rohlfs developed tools to compute 
these Lefschetz numbers for general arithmetic groups. In 1984, Rohlfs used these tools 
to provide lower bounds for the Lefschetz number for the case F = SL2(C) and E = C 
Later that year, in his Bonn Ph.D. thesis, Kramer gave a closed formula for the Lefschetz 
number for the same case. These techniques were further developed by Blume-Nienhaus 
in his 1992 Bonn Ph.D. thesis where he provided the Lefschetz numbers for general -Efc^fc- 
The following, see Proposition 13.21 is an analogue of his results for principal congruence 
subgroups. 

Proposition 1.1. Let N > 2 be a positive integer and T{N) be the principal congruence 
subgroup of SL2{0) of level (N). Then 

L{a, r{N),Ek,k) = {A + 11(1 - . (A: + 1) 

p\N 

where A,B are explicit constants depending on the ramification data of K/Q. 

The constants A and B are in fact certain powers of 2 and they were computed by Rohlfs 
in [19j. These constants vary depending on the ramification data of our imaginary quadratic 
field K and the ideal a. 

Following Harder, we use the trace of the involution a on H^(T, E) to bound the dimension 
of this cohomology space from below. In order to carry this idea out, one needs to calculate 
the trace of a on the Eisenstein part of the cohomology as well. The following theorem 
generalizes a part of the results announced by Harder at the very end of |10) . see Theorem 

Theorem 1.2. Let t be the number of distinct prime divisors of the discriminant of K/Q. 
Let N = p"^ . . . p"'' be a positive integer whose prime divisors pi are unramified in K and 
let F = F(A^) be the associated principal congruence subgroup of the Bianchi group SL2(0). 

We have 

tr(a I i/|,,(F,S,,,)) = -2*-i .n(pf> -pf"-^)) + 5(0,fe), 

i=l 
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where 6 is the Kronecker 6-function, in other words, 5{0, k) = unless k = in which case 
6{0,k) = 1. In particular, 

tr(a I Hli,{SL2{0),Ek,k)) = -2'-^ + 6{0,k). 

Computing the trace on the Eisenstein part of the first cohomology is more chahenging 
as reported by Harder in [10]. He does not provide a proof but informs us that he uses 
the adehc setting and representation theoretic approach for his computations and his final 
result depends on certain factors in the functional equation of associated Hecke L-series. 
We provide a partial generalization of Harder's result, using an elementary approach which 
employs the cocycles of Sczech, see [23J. These cocycles are defined by means of certain 
elliptic analogues of classical Dedekind sums, see Theorem 14.71 

Theorem 1.3. Assume that K is of class number one and let p be a rational prime that is 
inert in K . Then we have 

ti{a\H\,^{T{p^),C))-- 

We believe that the above result should generalize higher class numbers as well. Our 
results so far allow us to get explicit lower bounds for the cuspidal cohomology of certain 
principal congruence subgroups that are stabilized by complex conjugation. These explicit 
lower bounds yield the following asymptotic bounds, Proposition 15.31 below. For a related 
result, see the article [22] of Rohlfs and Speh. 

Corollary 1.4. Let p be a rational prime that is unramified in K and let r(p") denote the 
principal congruence subgroup of level (p)" of a Bianchi group SL2(C'). Then, as k increases 
and n is fixed 

dimHl,p{r{p^),Ek,k) »fc 

where the implicit constant depends on the level r(p") and the field K . Assume further that 
K is of class number one and that p is inert in K . Then, as n increases 

dim/fi„,p(r(p"),C)»/" 
where the implicit constant depends on the field K . 

We also consider the Lefschetz numbers and the Eisenstein traces for the involution given 
by the GL2/SL2-twist of complex conjugation. The results, when combined with those about 
complex conjugation, give a closed formula for the trace of a on the first cohomology of 
GL2(C'), see Theorem 15.41 This implies the following asymptotics for the cohomology of 
GL2(C'), see Corollary [531 

Corollary 1.5. Let D be the discriminant of K/Q and Ok be its ring of integers. As K/Q 
is fixed and A; — )• oo, we have 

where the implicit constant depends on the discriminant D. As k is fixed and \D\ — )• oo, we 
have 

diTaH\GU{OK),Ek,k) > ^{D) 
where ip is the Euler (p function and the implicit constant depends on the weight k. 
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As {GL2 (O), Ef:^!^) embeds into H^^^p(SL2{0), Ei^ ^), the asymptotic lower bounds 
of the above corollary also applies to H^^gp{SL2{0), E^ f^). Rohlfs showed in [20j that 
H^^gp{SL2{0) , C) » ^{D) as \D\ — )• 00, yielding the same asymptotic as ours. We note 
that Kramer also produces the upper bound 

dimi/i,p(SL2(0),C) < |L>|3/2. 

Finally, let Hl^{GL2{0), E^^k) denote the subspace of {GL2 {O), E^^k) which corre- 
sponds to those cuspidal Bianchi modular forms which arise from classical cuspidal mod- 
ular forms via base-change or arise from a quadratic extension of K via automorphic in- 
duction (see [3 for these notions). We prove that the trace of complex conjugation on 
H^{GL2{0), Ek^k) infact equals the dimension of Hl^{Gh2{0) , Ek^k) , a fact probably known 
to the experts. As a corollary, together with the computations of Scheutzow [24], we get 
the following result, see Theorem 16.51 

Theorem 1.6. Let K he an imaginary quadratic field with discriminant > —260. Assume 
that K ^ Q{^/^223). Then 

H\GL2{Ok),C) = hUGL2{Ok),C). 

For a detailed study of paucity of cuspidal Bianchi modular forms which are not lifts of 
classical modular forms, see the recent work of Rahm and §engiin |18] . 

2. A Lefschetz fixed point theorem 

Let Q = {p) be a finite cyclic subgroup of order r of the automorphism group Aut(G) 
of the Bianchi group G (note that Out(G) is finite elementary abelian 2- group which is 
explicitly determined by Smillie and Vogtmann in [27]). Let F be a g-stable finite index 
subgroup of G considered as a normal subgroup of the semidirect product F = F xi g. The 
group F has a natural action on M that extends the action of F (thus, F acts on Yp). 

Let E he a F-module with a g-action such that this action is compatible with the action 
on F, that is, ^{g ■ e) = ^g ■ ^e. Then q acts on the cohomology groups H^{T, E). Therefore, 
we can define the Lefschetz number 

L{p,r,E) = ^{-iytr{p\ wir,E)). 

i 

Given a subgroup C F, let x{H) denote the virtual Euler-Poincare characteristic of 
H. If if is a finite group, then it is well known that x{H) = 1/\H\. Below, for 7 G F, by 
"7/) mod F" we mean the F-conjugacy class of 7p in F. One of the main results of the 
Bonn PhD thesis of Blume-Nienhaus [3], which generalizes the Lefschetz trace formula to 
not necessarily torsion-free arithmetic groups, tells us the following. 

Theorem 2.1 (Blume-Nienhaus, I. 1.6). Using the notation above, we have 

L{p,r,E)= Yl x(.r^n-tT{^p\E) 

7P mod r 
7P is torsion 

7er 

where V'P denotes the centralizer in F of 'jp. 

The relationship between Lefschetz fixed point formula and centralizers of torsion ele- 
ments was observed also by Adem in [1]. For our special representations Ek^k^ the traces 
involved in the above formula can easily be computed. 
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Lemma 2.2 (Blume-Nienhaus, 1.4.3). Let 7 G F and x = {jpY, where r is the order of p. 
Then, 

tr(7/^ I Ek^k) = tr(a; | Ek). 

2.1. Shapiro's Lemma. Using Shapiro's Lemma, we can relate the Lefschetz number 

L(p,T,E) to the Lefschetz number L(p, G, Coindp (£^)) where 

Coind^(y) :=Homr(G,y). 
We define the p-action on the co-induced module as follows: 

for every / G Coindp (V) and g & G. This action is compatible with the action of p on G. 
Moreover, the Shapiro isomorphism respects the /9-action. 

Proposition 2.3. The isomorphism 

H\r,E) ~ W{G, Coind^{E)) 

respects the involutions induced by p on both sides. 

Proof. Let s : E ^ Coindp be defined as s{e){g) = g ■ e ii g £ T and s{e){g) = 
otherwise. Then we have an induced map 

s* : H\T,E) H\r,Comd^{E)). 

It is easy to check that s* respects the involutions induced by p on both sides. Now, the 
Shapiro isomorphism is given as 

H\T,E) a H'{T, Coind^iE)) W{G,Comd^{E)). 

Recall that the corestriction map "cores' can be given explicitly at the level of cocyclcs as 
follows. Let {7t}t be a set of coset representatives of T in G. Then for every g £ G and 
there is a unique permutation (j)g, that depends on g and the {7i}i, such that 7^^(j-)5'7i € L. 

For a cocycle / : F ^ Coind^ we have 

cores{f){g) f {l^l^i)gii) 

i 

for every g E G. 

To sec that corestriction map respects the involutions induced by p on both sides, note 
that for a given cocycle /, the class of cores{f) is independent of the coset representatives 
{ji} that we chose. If is a set of coset representatives of F in G, then {Si := is 
also such a set. For a given g £ G, let ipg be the associated permutation with respect to the 
{6i}i. Since F is p-stable, we have (pg{i) = tppg{i). It follows that 

coresCfXg) = Y.i'fXy^^^g^i) 

i 
i 

=* {Pcores{f)){g) 
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The symbol =* means that the equaUty is up to a coboundary, this is because we have 
made a change of coset representatives in the expression of the corestriction map. This 
shows that at the level of cohomology classes, the corestriction map respects the involution 
that is induced by p. □ 

Remark 2.4. It is well-known that Shapiro's Lemma respects the action of Hecke operators. 
Therefore the above proposition holds when W is replaced by H^^^p and H^,^^ as well (see 
Section \2.l 



For trace computations it is more convenient to replace Coindp with C[r\G] (8)c E. 
On the latter, the G-action is diagonal and the p-action is given as ^[^F, e] := Y'gT, ^e]. Fix 
a set of coset representatives {7j}i of F in G. The explicit identification is given as follows. 

Coind^(^) A C[G] ®r ^ ^ C[F\G] 0c E 

where 

Flif)■=^7^^f{7^) and F2{g (S) e) := [gV, ge]. 

i 

One can check that the above maps give rise to isomorphisms 

H\G, Coind^(^)) ~ F^(G, C[F\G] E) 
which respect the action of the involution induced by p on both sides. 
Lemma 2.5. Let 7 G G and x = {'JpY , where r is the order of p. Then 
tr(7/5 I C[F\G] ®c Ek,k) = tr(7P | C[F\G]) • tr(x | Ek) 

Proof. It is clear that 

tr(7p I C[F\G] ®c Ek^k) = tr(7P | C[F\G]) • tv{jp \ Ek,k). 
By Lemma 12.21 we have tr {'jp \ E^^k) = ^''^{x \ EjS). □ 

2.2. Torsion-free groups. When F is torsion-free, one can give a geometric description of 
the Lefschetz trace formula. 

Let It = m/r and let Y-f be the set of fixed points of the /9-action on Ip. Let 8^ denote 
the restriction of the sheaf E to X^. Then p acts on the stalk of 8^ and L{p,Yy^ is 
defined. We have the following geometric reformulation of the Lefschetz number. 

Proposition 2.6. Assume that F is torsion-free. Then 

L{p,r,E) = L{p,YP,£P). 

Proof. A proof is provided by Rohlfs and Schwermer in [21] page 152. □ 

When F is torsion-free, the connected components of Y^^ can be parametrized by the 
first non-abelian (Galois) cohomology H^{g,T). If 7 is a cocycle for i?^(g,F), we have a 
7-twisted /9-action on IH given by x 1— t- fxj~^. The fixed point set IHI(7) of the 7-twisted 
action on EI is non-empty and its image in Yp is contained in Ip*. Let us denote this image 
by F(7). 

Proposition 2.7. Assume that F is torsion free. The set of fixed points Y-f is a finite 
disjoint union of its connected components F{^): 

= U ^w- 

7e/^i(8,r) 
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The F{'y) 's are locally symmetric subspaces ofYp. 

In the presence of torsion in F, the above is not true: the left hand side is larger. 
Proposition 2.8. [20j Lemma 2.4.2] For T not necessarily torsion-free, the difference 

\ U F{^) 

7eHi(g,r) 

is a finite set which contains singular points ofYp. 

There is also a 7- twisted p- action on T given by 5 1— >■ 7 ^g^~^ for 5 S T. Let r(7) denote 
the set of fixed points of this action. When F is torsion-free, the canonical map 

vr^ : r(7)\]H(7) ^ 

is injective. The image of vr^ is homeomorphic to F{-y). 

There is a twisted p-action on E as well, given by e 1— )• ^e^ for e £ E. The trace of this 
action on E does not depend on the choice of the cocycle 7 in its class and therefore will 
be written as tr(/3^ | E). When T is torsion- free, the contractibility of 11(7) implies that 
x{F{'y)) = x(r(7)). It follows that, see [9] p. 26 for a proof, 

Lip,Fij),£)=x{r{7))-trip^\E). 

Hence, we get the following geometric reformulation of the Lefschetz trace formula for the 
torsion-free case. 

Theorem 2.9 (Rohlfs). Assume that T is torsion-free. Then 

Lip,r,E)= Yl xiFi7)Mp^\E). 

2.3. Lower bounds for the cohomology via Lefschetz numbers. For the rest of 
the section, assume that p is orientation-reversing, as it will be the case with the specific 
involutions that we will work with in Section 3. In this section, we want to give a lower 
bound for the dimension of the cuspidal cohomology in terms of the Lefschetz number of p. 

Let Xy denote the Borel-Serre compactification of Ir- This is a compact manifold with 
boundary whose interior is homeomorphic to Yp. Moreover, the embedding Yp ^ Xp is 
homotopy equi variant, giving an isomorphism 

H\Yr,£)^H\Xr,£) 

where is a certain sheaf on X^ that extends £. 

Consider the long exact sequence 

. . . ^ Hi-\Xr,£n) ^ H\Xr,£n) ^ H\dXr,£n) ^ • • ■ 

here denotes the compactly supported cohomology. 

The cuspidal cohomology H^^^p is defined as the image of the compactly supported co- 
homology. The Eisenstein cohomology H^^^^ is the complement of the cuspidal cohomology 
inside and it is isomorphic to the image of the restriction map inside the cohomology 
of the boundary. Assume that the action of p on Ip extends to Xy, which will be the case 
for our specific involutions of Section 3. This induces involutions on the terms of the above 
long exact sequence. We therefore have, in the obvious notation, that 



ON THE DIMENSION OF COHOMOLOGY OF BIANCHI GROUPS 9 

Poincare duality implies that H^^^p ~ H^^sp- Since p is an orientation reversing involu- 
tion, it follows that tr(pj„^p) = — tr(/3^^^p). Hence we get 

L{p, r, E) = tr(pO) - 2tr(pi,p) - tr(p^,J + tr(p|,J, 

and this implies the following proposition. 

Proposition 2.10. With the above notation, we have 

L{p, r, E) + tT{p\;J - tr(p|,J - tr(pO) 



dimHl,piT,E) > i 



Proof. Since p is an involution, the eigenvalues of pl^sp ^'^^ ^o 

d[mH\T,E) > MpI^,p)\. 
The result now follows from the identity above. □ 

Note that when E = E^^k with A; > 0, tr(p'') = as is an irreducible F-representation. 

3. LeFSCHETZ NUMBERS FOR SPECIFIC INVOLUTIONS 

Let fj be the complex conjugation. Its action on H is defined by {z^r) i— )• (z, r). It also 
acts on the SL2(C) by acting on the entries of a matrix in the obvious way. If M G SL2(C), 
the we write °"M or simply M for the image of M under the action of a. 

Below, we will also consider the twisted complex conjugation, which will be denoted by 
r. It acts on EI via (z, r) — t- (— r) where z denotes the complex conjugate of z. Its action 
on SL2(C) is defined as follows 

where the bar in the notation denotes the complex conjugation. It is convenient to regard 
r as the composition a o a = a o a where a(" ^) = {^^~J') = f^icd^f^ where (3 := {^^ 
for every ^) G SL2(C) and a{z,r) = (— z,r) for every {z,r) G H. 

Both a and r are orientation-reversing and they can be extended to the Borel-Serre 
compactification naturally (see [20j Section 1.4). The action of a on E^^k can be described 
as follows: a{P ® Q) = Q P, where the overline means we take the complex conjugates 
of the coefficients of the polynomial. Similarly, we have r(P Q) = ( V i )^ ® ( V i )-^' 
These actions are compatible with those on SL2(C). 

In this section, we discuss the Lefschetz numbers for these two involutions. We will use 
the symbol p when we want to state results which are true for both of them. 

3.1. Lefschetz numbers of a for principal congruence subgroups. Let T = T{N) C 
SL2(0) be a principal congruence subgroup of level (A^) <i O. Denote its image in PSL2(C') 
by f . Then for > 2, f is torsion-free. Let Yr = r\H. 

In this section, we will use Theorem l2.9l to calculate the Lefschetz numbers L(a, T{N), E^^k) 
In order to do this, we need to understand the "decomposition" of the fixed point set 1^, 
and this is done by Rohlfs in Section 4.1. of [19]. 



Let 71 = ( J ? ), 7l = ( ^ f ) and 72 = ( ? -q' )• Let 7^ be ( '+_f ^^-f^^ ) if d = 2 mod 4, 

and ( ^ ) if d = 1 mod 4. Notice that 71, 7^ € H{a, 1) and 72, 72 e H{a, 2), where 

H(a, i), for i = 1,2, is the generalized Galois cohomology set as defined above. 
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Note also that, since f is torsion-free, H{i) = for i > 2. As described in Section \2.2\ 
the fixed point set Yf is a union of surfaces and points parametrized by the cohomology 
classes in H^{(t, f ). If F does not contain —1, then we can identify H^{a,T) with H{1), and 
if r contains —1, then we can identify it with H{1) U H{2). 

The locally symmetric space F{'y), defined in section \2.2\ is a surface if 7 G H(l) and 
is a point if 7 G H{2). In [19 1, Rohlfs gives the number of translations of the surfaces 
corresponding to 71, 7^, and the number of translations of the points corresponding to 

72,72- 

Theorem 3.1 (Rohlfs, Theorem 4.1. of [19j). Let D be the discriminant of K/Q and t 
be the number of distinct prime divisors of D. Let (N) = Y[p\DPp' Y[p\DiPy'' ideal 
with N > 2, and let T = T{N) be the principal congruence subgroup of level (N). Let 
s=\{p\ p\D,p / 2 and jp / 0}|. 

Then Yp consists of only the translations of surfaces -^(71) and F{'y[) and the number of 
translations of these surfaces are denoted by A and B respectively in the table below. 



d 


J2 


A 


B 


d = 


1(4) 


> 


2t-s 





d = 


2(4) 







2t-s 


2*- 


-s-l 






1 




2t-s 


2*- 


-s-l 






2 




8 • 2*-" 











> 3 




8 ■ 2*-^-i 







d = 


3(4) 







2t-s 


2*- 








1 




2t-s 











2 




8 • 2*-" 











J2 = 


2n + 1 > 3 


2t-s-i 











J2 = 


2n > 4 


8 • 2*-^-i 








Now, using Theorem 12.91 and Theorem I3.H we want to calculate the Lefschetz number 
for r(A^) for the above case. 

Proposition 3.2. Let T{N), A, B be as in the above theorem. Then 

L{a, T{N),Ek,k) = {A + 2B)-^ - p'^) ■ {k + 1). 

p\N 

Proof. For each 7 G -ff(l), by Lemma |2.2| tr(70" | -Efc^fc) = tr(l | -Efc^fc) = {k + 1). Therefore, 
by Theorem 12.91 just need to calculate the Euler-Poincare characteristics xi^'^'^) for 71 
and 7^. 

An easy calculation shows that r'^^'^ = r^r, the principal congruence subgroup of SL2(Z) 
of level N. Let Yn denote the surface associated to Fat. It is well-known that Yn has 
^N"^ Y[p\Ni^ ~P~'^) cusps. If Xtv denotes the compact surface obtained from Yat by adding 
the cusps, then by [Ml 1.6.4], we have x(^Ar) = {-1/12)N'^{N -Q)\[p^j^{l-p-'^). Therefore 
x{Tn) = x{Yn) = x{Xn) - #{cusps of Ym} = {-1/12)N^ Ylp\Ni^ " P'^)- 

Let = ( Q ^)- Let ro(2A^) denote the Lo-type congruence subgroup of SL2(Z) level 2N. 
And, let Ls := {(^ ?) G SL2(Z) \x = t (2)}. One can check that hV^'i'^h-^ = Liv n ro(2Af) 
if d EE 2(4), and hVi^h"^ = Tat n r2 if d = 3 (4). Each of these groups has index 2 in Tat. 
Therefore, xi^"''^'^) = '^xO^n)- Using the formula x(^n), we get the formula above. □ 
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Corollary 3.3. Let p be an odd rational prime that is unramified over K. Then, for n > 
we have 

• (A: + 1) if d=l mod 4 



L{a,Tip^),Ek,k) 



^t-i P - P 
12 



■ {k + l) else. 



Proof. Since p is odd, j2 = 0. Moreover since p is the only divisor of the level, we have 
s = 1. Thus in the case d = 1 mod 4, we have A + 2B = 2*~^, where as in the other case 
A + 2B = 2K □ 

3.2. Lefschetz numbers for the full Bianchi groups. Let F denote the full Bianchi 
group SL2(0). For = 0, that is E^^k = C, the Lefschetz numbers for a and r were 
computed by Kramer. For general Ek^k-, these numbers were computed by Blume-Neinhaus. 

For a rational prime p which ramifies in K and an integer a, let {a\p) denote the Hilbert 
symbol. By definition, {a\p) is equal 1 if there is an element in some finite extension of Kp, 
the completion of K at the unique prime ideal over p, whose norm is equal to a, and is 

equal to —1 otherwise. Note that if p 7^ 2, then {a\p) is equal to the Legendre symbol ( - I . 



Theorem 3.4 (Blume-Nienhaus, [3]). Let D he the discriminant ofK/Q with D2 its 2-part. 
We have: 



{-lfL{T, F, Ek,u) = ^ ( + 1) 11(^2 + 1) + (-1)'=+^ (—) ) + (-1|2)) ) -{k + l) 

\p\D p\D p\D \ P / p|£) / 

p^2 p=2 p^2 p=2 



p\D 
p^2 



+ ^ ( 11(1 + (-3|p)) + (-1)^= + ) 

\v\D p\D / 



Kp\ 
p^3 



k + l 



and 



{-i)'L{a,T,Ek,k) = 3^(n(p+(v))n(^2+(-ii2))+(-irin2n5) -(^+1) 

\p\D \ P y p|£) / 

P7^2 p=2 p^2 p=2 

^ ln(-e))-(^) 



p\D 
p^2 



+ 



^(n(i+(3ip))+(-i)'n2 

\p\D p\D / 



k+\ 



Proof. Observe that in Blume-Nienhaus' notation, F(l) = F(— 1) = SL2(C'). For q = 1,-1 
respectively his involutions (g 0)0" (see Theorem V.5.3. of [3j) differ from our r = {~q i)^ 
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and cr by ( q ) . However at the level of cohomology, his involutions induce the same action 
as ours: conjugation by ( i*]^ J ) is an inner-automorphism of SL2(C) and hence induces trivial 
action on the cohomology, see [4l, p.79]. □ 

4. Trace on the Eisenstein cohomology 

In order to obtain lower bounds for the cuspidal cohomology using the Lefschetz numbers, 
we have seen that one needs to compute the trace of the involution on the Eisenstein part 
of the cohomology in all degrees. This is not a trivial task. 

In this section we study the trace of involutions induced by a and r on the Eisenstein 
part of the cohomology. The boundary dXr is a disjoint union of 2-tori, each closing a cusp 
of Yp. The set of cusps of F can be identified with the orbit space r\P^(i^). It is well-known 
that the number of cusps is h{K), the class number of K, when T is the full Bianchi group. 

The fundamental group of a 2-torus is a free abelian group on two generators and it is 
easy to compute the size of its cohomology. 

Proposition 4.1. Let T be a congruence subgroup of a Bianchi group and let c{T) denote 
the number of cusps ofT. Then 

dimH^(dXr,£k) = dimH^{dXr,£k) = c(r) 

dimH^{dXr,£k) = 2 - c(r). 

The long exact sequence associated to the pair (Xr,9Xr) is compatible with the action 
of the involution r. It follows from algebraic topology that for A; > 0, the image of the 
restriction map 

HHXr,£k)^ H\dXr,£k) 
is onto when i = 2 and its image has half the rank of the target space when i = 1. Hence 
we have the following. 

Corollary 4.2. Let k > and T as above. Then 

dimH},i,{T,Ek,k) = ciT), i = 0,l,2. 

Hence 

|tr(Tk)| <c(r) 

for any involution t. 

The following is direct consequence a result of Serre (see [251 Theoreme 9]). 
Proposition 4.3. Let T = SL2(C'). Then the image of the restriction map 

H\Xr,C) H\dXr,C) 
is inside the —1-eigenspace of complex conjugation acting on H^{dXr,C). 

Let us note that this result is extended to all maximal orders of M2{K) (with complex 
conjugation twisted accordingly) by Blume-Nienhaus [3l V.5.7.] and by Berger [S', Section 
5.2.]. 

Corollary 4.4. Let a^^^g be the involution on //|;^j,(SL2(0), C) given by complex conjuga- 
tion. Then 

tTia%J = 1, tr(c7iJ = -h{K), tr(4,J = -2*-^ + 1 
where t be the number of primes that ramify in K and h[K) is the class number of K . 
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Proof. For convenience, put X = X^j^^^^y The claim for cr^^g follows from the fact that 
H^-g{X,C) = H^{X,C) = C. The action of a on the latter is trivial. The claim for (7^^^ 
follows immediately from Serre's result above. It is well-known that the set of cusps of 
SL2(C') is in bijection with the class group of K and the action of complex conjugation a 
on the cusps translates to taking inverse in the class group. Hence an element of the class 
group is fixed by a if it is of order 2. Genus Theory tells us that the number of elements 
of order 2 in the class group is 2*~^, implying that the trace of the involution induced by 
a on H^{dX,C) is 2*~^. See \25\ Section 9] for more details. It follows from Poincare 
duality and the fact that complex conjugation is orientation-reversing that the trace of the 
involution induced by a on 

H^{dX,C) is -2*-^ The long exact sequence associated to the 
pair {X,dX) tells us that that H^{dX,C) - i^|,,(X,C) H^{X,dX,C). Here the last 
summand is isomorphic to C and a acts on it as —1, which follows from the fact that the 
action of a on H^{X,C) is trivial. This gives the claim for cr'^j^g. □ 

The following theorem generalizes part of the above Corollary and part of the results 
announced by Harder at the very end of [lOj . 

Theorem 4.5. Let K he an imaginary quadratic field and t he the numher of rational 
primes ramifying in. Let N = p"^ . . . p"'' he a positive numher whose prime divisors pi are 
unramified in K and let T{N) he the principal congruence subgroup of the Bianchi group 
SL2(0) of level (N). Then 

r 

tr(a I H],,,{T{N),Ek,k)) = -2'-' -Hip^^ - + 5(0, fc), 

i=l 

where 6 is the Kronecker 6-function, in other words, 6(0, k) = unless k = in which case 
(5(0, A;) = 1. In particular, the trace of a^^^ on H'^{SL2{0), Ek^k) is 

-2'-^ + 5{0,k). 

Proof. For convenience, let G denote the Bianchi group SL2(C'). Assume until the very 
end of the proof that A; > 0. By the results of Section 12. 1^ it suffices to compute trace 
of cr^ on H'^-g{G,C[r\G] Ek^k)- Let A^fc be the locally constant sheaf on Xq induced 
from C[r\G] Ek,k- As the restriction map H'^{XG,Mk) H'^(dXG,Mk) is onto (here 
we use that k > 0), it suffices to compute the trace of on H'^{dXG,M.k)- As before, 
Poincare duality together with the fact that a reverses the orientation reduce the problem 
to computing the trace of on H^{dXG,M.k) instead. 

The cohomology of the boundary can be expressed as a direct sum of the cohomology of 
the boundary components, which are 2-tori; 

(1) H^idXcMk) c^^H\U,X[T\G](FjEk,k) 

c 

where the summation runs over the cusps of G and Uc is the unipotent radical of the 
stabilizer of the cusp c. The action of on the left hand side of ([T]) translates to an action 
on the right hand side. This the action stems from that of complex conjugation a on the 
cusps, which amounts to inversion in the class group oi K. If c is a cusp, then a takes Uc 
to If c / o"(c), then 

H\UcM^\G] ® Ek,k) e ([/,(,), C[r\G] ® Ek,k) 

is a fi'^-invariant subspace of the right hand side of ([T]). As takes the basis of the first 
summand to the basis of the second summand, the trace of on this subspace is 0. Hence 
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we need to consider cusps c which are fixed by complex conjugation a. As mentioned before, 
there are 2*~^ of these. 

For the rest of the proof, assume that c is a cusp fixed by complex conjugation a. Our 
goal is to compute the trace of a^-^ on H^{Uc, C[T\G] (^Ek^k). Recall the action of complex 
conjugation on the G-module C[r\G] (8) E^^k from Section As is taking invariants, 
we have 



This isomorphism is cr -equivariant. 

We first prove that, without loss of generality, we can take c to be the cusp oo at infinity. 
To see this, assume that c is given by - with x,y G O. Then there is a matrix A = 
(y f) S SL2(-ftr) such that oo ■ A = c. As c is fixed by cr, it corresponds to an element in 
the ideal class group of K which is of order 2. Work of Smillie and Vogtmann [27j shows 
us that conjugation by A gives rise to an orientation-preserving involutary automorphism 
of Yg which commutes with the orientation-reversing involutary automorphism of Yq 
induced by a. The automorphism (p^ extends to an automorphism of Xq, inducing an 
isomorphism (still denoted 4)a) between the boundary component 2-torus at the cusp oo 
and the boundary component 2-torus at the cusp c. The isomorphism (pA commutes with 
the automorphisms induced by cr on these two boundary components. It follows that the 
trace of a on //^(J/oo, C[r\G] Ek^k) is equal to its trace on H^{Uc,C\r\G] Ek^k)- 

So let us assume that c = oo below. It is easy to show that Ej!'j, is a one-dimensional 
space that is generated by X'^ . Clearly a acts as identity on this space. Therefore 
the trace of 0"^^^ on H^{Uc, Ek^k) is 1. Our discussion so far already shows that the trace 
of ali^ on Hl,^^{G,Ek,k) is equal to -2*"^ 

Now let us move on to deal with H^{Uc-,'C\r\G\). By the above paragraph, we see that 
the dimension of H^{Uc,C\r\G]) is equal to c{T)/h where c(r) is the number of cusps of F 
and h is the class number of K. Note that c(F) is given by the formula 



Observe that TV^ = jj,(p/{N)) which is equal to the index [Uao : C/oo n F]. 

We will first work in the special situation where N = with p a rational prime that is 
unramified in K. For convenience put F = F(p") and R = 0/{p'^). The coset space T\G 
can be identified with the finite group SL2(i?). Let Uc{R) denote the image of Uc inside 
SL2(-R) under the reduction modulo (p") map. The action of Uc on SL2(-R) is the right 
regular action of Uc{R) on SL2(-R). Since our p is unramified in K, we can choose x,y ^ O 
prime to p and thus c := {x : y) gives an element of the projective line F^{R) over the 
ring R, for a definition see [H p. 281]. We have Uc{R) = Uc, the unipotent radical of the 
stabilizer of c in SL2(i?). 

First assume that p splits in K, that is (p) = pp. Clearly a acts on 



by swapping the coordinates, that is, a{X,Y) = {Y,X) for every {X,Y) G SL2(C'/p") x 
SL2(0/p")). Observe that, in the obvious notation, we have 



//"(C/e,C[F\G] ^ Ek,k) ^ H^{Uc,C[r\G]) H\Uc,Ek^k)- 



h- 



#SL2(0/(iV)) 
Ar2 



SL2(i?) ~ SL2(0/p") X SL2(0/r) 



C[SL2(i?)] 



Uc{R) 



C[SL2(0/p' 
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Let US identify O/p" and O/p" with and simply consider C[SL2(Z/p'"Z)]^'=(^/P"^). 

Put 

B= -u G C[SL2(Z/p"Z)]. 

uec/c{z/p"Z) 

Then 9 is clearly invariant under the right regular action of C/c(Z/p"Z). Fix a set S of 
representatives for cosets of Uc{'^/p^'^) in SL2(Z/p"'Z). Then for every s G S*, the element 

su = s9e C[SL2(Z/p"Z)] 

«ei7c{z/p"Z) 

is also fixed under the action of C/c(Z/p"Z). Dimension considerations show that the set 

5 = {se\seS} forms a basis of C[SL2(Z/p"Z)]^-(^/P"^). Thus the set § x § gives a basis 
of C[SL2(i?)]^^ Note that this basis is fixed by a. 

As a stabilizes the basis S x S, it follows that the trace of the involution on C[SL2(i?)]^'' 
is equal to the number of elements in S x S which are fixed under a (the same principle was 
in order in the proof of Corollarv 14.41 as well). Since a acts as swapping coordinates, the set 
of cr-fixed elements is the diagonal which is of cardinality #S = [SL2(Z/p"Z) : C/c(Z/p"'Z)]. 
To compute the latter, observe that 

[SL2(Z/p"Z) : = #pi(Z/p"Z)-#(Z/p"Z)* = = /«_p2(n-i) 

where is the group of units in This follows from an investigation of the 

subgroups f7c(Z/p"Z) = f/g C -Bg C SL2(Z/p"Z) where Be is the stabilizer of c = (x : y) G 
pi(Z/p"Z). 

Let us now deal with the case where p stays inert in K, that is (p) = p is a prime ideal 
(of norm p^). Computing a basis of H^{Uc,C[SL2{R)]) goes along the above lines. Put 

9= Y ugC[SL2{R)]. 

Fix a set S of representatives for cosets of Uc{R) in SL2(i?). Then the set S = {s9 \ s £ S} 
forms a basis of C[SL2(i?)]^(-^). 

The action of a on SL2(i?) is entry- wise, that is, given a matrix in SL2(-R), a acts on its 
entries. So we need to consider the c-action on R. The easiest way to make this action 
concrete is to work with a set of representatives T in O which biject onto R when reduced 
modulo (p)"". In our case, such a set T is given by 

{a + 6 • a; I < a, 6 < p" - 1} C O 

where lv is the standard generator O = Z + Zu. The action of o" on descends from the 
action ofdonT: a + 6- wi— )-a + 6- '^uj. As above, we want to compute the number of 
elements in § which are fixed under a. 

As Uc is stable under a (recall that c = oo), its reduction Uc{R) is stable under the 
action of a on SL2(i?), hence a acts on the coset space of U{R) in SL2(-R). As the element 

6 is fixed under a, we need to compute the number of s in (some fixed) S which are fixed 
by a. This is the same as counting the fi-fixed elements in the coset space. As implicitly 
used above, the coset space of Uc{R) in SL2(i?) can be "identified" with ¥^{R) x R*. As 
an indication, let us point out that ¥^{R) is in bijection with the coset space of a Borel 
subgroup Bc{R) in SL2(i?) and R* is in bijection with the coset space of Uc{R) in Bc{R). 
Under this identification, the action of a translates to the natural action a{x : y) = {"x : "y) 
on P^(i?) and it gives the usual action on R* . Now the c-fixed elements of the coset space 
of Uc{R) in SL2(-R) can be identified with the product P^(i?)'^ x {R*Y of cr-fixed elements 
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of P^{R) and R*. One can check that F^{Ry = F^{R'') ~ pi(Z/p"Z) which has cardinahty 
pu _^ pn-i_ rpj^g ^* identified with {a + b ■ uj e T \ p ^ a k p \ b}. Hence (i?*)"" is 

given hy {a + b ■ CO £ T \ p \ a, 6 = 0} which is of cardinahty — p""-*^. Multiplying these 
two cardinalities gives us the desired quantity p^" _p2(n-i)^ 

Now let us assume that N = p"^ . . . p"'' is positive number whose prime divisors pi are 
unramified in K. The general result follows from the simple fact that 

SUiO/iN)) SL2(0/(pi)"i) X . . . SL2(0/(p.)"'-). 

The case k = follows from the basic observations that were employed at the end of the 
proof of Corollary 14.41 □ 

Now let us compute the trace of tJ,-^. Recall that r can be regarded as the composition 
aoa = aoa where a(;! ^) = {'q i){cd)il) i) every ^) G SL2(C) and a{z,r) = 
(— z, r) for every (z, r) £ M. 

Theorem 4.6. Let K be an imaginary quadratic field and t be the number of rational 
primes ramifying in. Let N = p^^ . . . p"'' be a positive number whose prime divisors pi are 
unramified in K and let T{N) be the principal congruence subgroup of the Bianchi group 
SL2(C') of level (N). Then 

r 

tr(r I H'E^sim), Eu,k)) = -2*-^ • J{{pT^-' - pf^') + <^(0, k), 

i=l 

where 6 is the Kronecker 6-function, in other words, 6{0, k) = unless k = in which case 
6(0, k) = 1. In particular, the trace of t on H'^-^{SL2{0), Ef^- k) is 

-2*-i + 5(0,A;). 

Proof. We will follow the proof for cr'^^^ closely. As before, for convenience put G = SL2(C') 
and assume that A; > until the very end. First, observe that a fixes the cusps of G, giving 
that the action of r on the cusps of G is the same as that of complex conjugation a. 

As in the previous proof, we end up having to compute the trace of the action of on 
H^{Uc,C[T\G] (8> Ek^k) for cusps c which are fixed under complex conjugation (and hence 
r). Using the same argument, we can (and we do) assume that c = oo below. As before, 
we have 

H'^iUc, C[r\G] Ek,k) ^ H'>{Uc,C[T\G]) H\Uc, Ek,k). 
This isomorphism is r'^-equivarient. 

As r sends to (-X)'=®(-X)*= = {-lf^{X''(E)X''), the trace of on H°{Uc, ^fc,fc) 

is 1. This shows that the trace of r|,.g on H'^-^{G, E^^k) is equal to — 2*~^. 

Assume that N = p" with p a rational prime that is unramified in K. For convenience 
put r = r(p") and R = 0/{pY. Identify r\G with SUiR). 

First assume that p splits in K, that is (p) = pp. The action of r on SL2(i?) = 
SL2(Z/p"Z)xSL2(Z/p"Z) is as follows, t{X,Y) = (/3y/3, /3X/3) for every {X,Y) € SL2(Z/p^Z)x 
SL2(Z/p"'Z). In the proof of the previous theorem, we described a set 5 such that S x S 
forms a basis of the space H°{Uc, C[SL2(i?)]). The set S can be identified with pi(Z/p''Z) x 
(Z/p"Z)*. One sees then that S* x S* is fixed by r and thus to compute the desired trace, 
it is enough to compute the elements in this basis which are fixed by r. Such element are 
described as {X, X) €z S x S with X £ S diagonal. The diagonal elements in S are in 
bijection with the set {(0 : *)} x (Z/p"Z) which has cardinality p'^~^{p^ — p""^). 
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Let us now consider the case where p is inert in K. The action of r on the coset space 
SL2(-R) is described as t{A) = f3a{A)/3, where the action of a was given in the proof of 
the previous theorem. In the same proof, we computed a basis S of (Uc, C[SL2{R)]) 
for the case where p is inert. The set S can be identified with the set ¥^{R) x (R)* and 
we see that it is fixed by r. The elements of S which are fixed under r are given by 
{(0, *)} X {R")* c F^iR'') X {R'')* which has cardinahty = p2"-i _p2n-2_ 

The general cases follow from the same steps that were taken in the proof of the previous 
lemma. □ 

4.1. Trace on Hj^-^. In this subsection, we will compute the trace of a on H^-g{T, C). Our 
strategy is to use the explicit cocycles considered by Sczech in p3] which produce a basis 
for H^-^(r,C). We will assume in this subsection that K is of class number one. However 
we strongly believe that this assumption can be dropped. 

Consider O as a lattice in C. For k = 0, 1, 2 and u € C put 

Ek{u) = Ek{u, 0)=^{w + n)- V + \s=o 

where . . . \s=o means that the value is defined by analytic continuation to s = 0. Moreover 
define E{u) by setting 

12^2(0), ueO 

where p{u) denotes the Weierstrass p-function. 
Given u,v G jjO, Sczech forms homomorphisms 

^'(n,v) : T{N) C 

which depend only on the classes of u and v in -^O /O. For ^ = (g d) ^ '^{^)^ have the 
simple description 

^{u,v){A) = - E{u) - -^Eo{u)E2{v) 

where 

+ modsC'|y^=t mod sO} 



2E{u) 



8 ^ 

is the Legendre symbol. For non-parabolic A G r(A^) there is a similar but more complicated 
description which uses finite sums that involve the E^s, generalizing the classical Dedekind 
sums. 

It is shown by Sczech that the collection ^(n,f) with {u,v) G (-^O/O)^ generate 
H^-g{T{N),C). As these homomorphisms do not vanish on parabolic elements of r(A^), 
they live in the Eisenstein part of the cohomology. Sczech shows that the number of lin- 
early independent such homomorphisms is equal to the number of cusps of F, which is equal 
to the dimension of iJ^i^(F(A^), C). 

Ito showed in [12j that, see also Weselmann [28], up to a coboundary, the cocycles of 
Sczech are integrals of closed harmonic differential forms given by certain Eisenstein series 
defined on the hypebolic 3-space H. Let us be more precise. For a positive integer N whose 
prime divisors are inert in K, the cusps of r(A'") are in bijection with the elements {x, y) 
of order A^^ in {0/{N))'^ via the map | i— )• {y,—x). Note that we used our assumption 

that K is of class number one here. For each cusp {x,y), fix a lift {x,y) G and put 
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{u,v) = {jf,-^) G (jj'O)'^. Following Ito, we can form an Eisenstein series i?(„j,)(r, s) for 
(r, s) G IHI X C with values in C'^ associated to each cusp (x, y). As a function of s, (r, s) 
can be analytically continued to whole C and work of Harder [TT] shows that differential 
1-form on the hyperbolic 3-space induced by E(^u,v){ti s) is closed for s = 0. Ito showed that 
the cocycle given by the integral of this closed differential 1-form differs from the cocycle 
^{u^v) of Sczech by a coboundary. The fact that the above Eisenstein series associated 
to different cusps are linearly independent (they are non-vanishing only at their associated 
cusp) implies that the cohomology classes of ^[^i jj) associated to the cusps (x, y) of r(A^) 
form a basis of Hl,^^{T{N), C). 

In another paper [13], Ito provides us the following results: 

^(0,0)(A) = -vI/(0,0)(^) 

where bar means that we take the complex conjugates of the entries of the matrix A. More 
generally, he proves that 



where (f){z) := exp{2'7ri{z — z)/D) with D denoting the discriminant of K. Observe that 
when = (u, f) or = (0,0), we have (l){sv — tu) = 1. Using this, let us write this 
summation in a more suggestive way: 



■^{u,v){A) = 



(pisv - tn)^(s, t){A) ] + ^{u, v){A) + ^{0, 0){A) 



The latter formula sheds light onto the action of complex conjugation a on the Sczech 
cocycles: 

a{'^{u,v)){A) := ^(u,i;)(i). 

We see that a{^{u,v)) is expressed as summation over all the Sczech cocycles. We will 
regard o" as a linear operator on the formal space C[^Ar] for which the Sczech cocycles are 
taken as basis. 

The pair (0,0) in {jjO/O)^ never corresponds to a cusp of r(A''), so let us eliminate 
the term ^'(0,0) from the big summation. Using Ito's summation formula for the case 
(u, v) = (0, 0), we get 



*(0,0)(^) 



-1 

iV2 



Y ^{s,t){A))+^{0,0){A) 

s,tej^o/o 



Now plug in the identity *(0,0)(^) = -^'(0,0)(A), we get 



*(0,0)(^) 



iV2 



(s,t)^{0,0) 
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Now for (u, v) / (0, 0), we have 



Hsv - tu)^{s, t){A)^ + ^(0, 0){A) 



(s,t)^(0,0) 



Substitute the term ^'(0,0)(^), we get 

^{u,v){A)= '^{s,t){A) + j^ <t^{sv-m)^{s,t){A). 

(5,t)^(0,0) (s,t)^iO,0) 

Having ehminated ^{0, 0), we can regard cr as a hnear operator on the formal space C[^'*] 
for which ah Sczech cocyles except ^(0, 0) are taken as basis. We see that the coefficient of 
the summand ^{u,v){A) on the right hand side of the equahty is 

1 -1 -1 

+ 



(iV2)(iV2-l) ' Ar2 Ar2_i- 
This imphes that the trace of a on C[^^] is 

In the rest of this subsection, we will prove the following result which is a partial gener- 
alization of a result announced by Harder in [10] . 



Theorem 4.7. Assume that K is of class number one and let p be a rational prime that is 
inert in K . Then we have 



tr(cT|i7i,(r(p-),C)) 



_(^p2n _p2n-2-^^ if n > 1. 



Proof. We will proceed by induction. Let n = 1. Then by a comparison with the num- 
ber of cusps of T{p), we see that the Sczech cocyles, excluding ^'(0,0), form a basis of 
H^-g{r{p), C). Thus the trace if a on C[\I'*] is equal to the trace of a on H^-^{T{p),C). By 
our observation above, we get the claim for n = 1. 

Before we proceed with the inductive step, let us discuss the structure of cusps. Moreover, 
the following diagram is commutative. 

0/{p) ^ O/ip^) ^ O/ip^) ^ . . . 



lO/O jiO/O ^o/o . . . 

The maps e are the natural inclusion maps [x] i— )• \px]. the vertical arrows are the natural 
bijections that we mentioned above and the maps e' are induced by the natural inclusions 
|0 C -^O. The crucial observation is that the set of elements of order p^" in {0/{p"'))'^ (re- 

cah that this set is in bijection with the set of cusps oiT{p"-)) is (C'/(p"))^\(e(C'/(p"~-^)))^. 
Hence in order to find the trace of a on the Sczech cocyles which are associated to the cusps 
of r(p") (recall that these provide a basis for the Eisenstein part of the cohomology), all 
we need to do is to compute the difference between the traces of a on C[^'pn] and C[\I'p7i-i]. 
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This is the same as the difference between the traces of a on C[\E'*n] and C[^'*„_i] which 
we aheady computed: 

_(/n ^ _ (_(/-2 + 1)) = _(p2n _^2n-2) 

as claimed. □ 

These Eisenstein trace results together with Lefschetz number computations of previous 
sections can be plugged in the formula of Proposition 12.101 giving explicit lower bounds for 
the cuspidal cohomology of Bianchi groups. We leave such tasks to the interested reader as 
the formulas will be quite complicated. In the special case of class number one K, weight 
A; = and principle congruence subgroup T{p) with p inert in K, we checked that the 
explicit lower bound that we derive from Proposition 12. 10] agrees with that given by Harder 
at the end of [10]. 



5. Asymptotic lower bounds 



Finding explicit formula for the dimension of H^^gp{T, E^^k) for congruence subgroups F 
of a Bianchi group is an important open problem in the theory. Recently there has been 
progress in understanding the asymptotic behaviour of the dimension. 

In the "horizontal" direction, Finis, Grunewald and Tirao considered in [7] the size of 
the cuspidal cohomology of a fixed congruence subgroup F as the weight Ek^k varied. They 
were able to increase the trivial asymptotic upper bound k'^ by a factor. In the case of 
F = SL2(0), they provided a lower bound that is linear in k. A recent result of Marshall 
in [17], when applied to our situation, improves the trivial asymptotic upper bound by a 
power. 

Theorem 5.1. Let T be a congruence subgroup of a Bianchi group. 

(1) (Finis- Grunewald- Tirao [7\) We have 

k^ 

k « dimFi,p(F,^fc,fe) « ^ 

as k increases. The inequality on the left is proven only for the case F = SL2(C'). 

(2) (Marshall [TT]; We have 

dimi7i„,p(F,S,,fc)«, A;5/3+^ 

as k increases. 

In the "vertical" direction, Calegari and Emerton considered in [5j how the size of the 
cohomology, with fixed coefficient module, varied in a tower of arithmetic groups. Their 
general result when applied to our situation gives the following. 

Theorem 5.2. (Calegari- Emerton [5\) Let F(p") denote the principal congruence subgroup 
of level p" of a Bianchi group SL2(C') where p is an unramified prime ideal of O . Fix E. 
Then 

(1) if the residue degree of p is one, then 

dim/7i(F(p"),^) </n^ 

(2) if the residue degree of p is two, then 

dimFi(F(p"),E) 
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as n increases. 

Note that the trivial upper bounds are p^^ and p^" respectively. It is natural to look 
at these asymptotics from the perspective of the volume which is a topological invariant 
in our setting. Observe that the volume of yr(p") is given by a constant times the index 
of r(p"') in the Bianchi group SL2(C'). Thus asymptotically, the trivial asymptotic upper 
bound for the above cohomology groups is linear in the volume and the above upper bounds 
of Calegari and Emerton can be interpreted as sublinear. 

Using the techniques discussed in this paper, we can derive the following lower bounds. 

Proposition 5.3. Let p be a rational prime that is unramified in K and let r(p") denote 
the principal congruence subgroup of level (p)" of a Bianchi group SL2(C'). 

(1) Then 

dimHl,j,{r{p-),Ek,k):^k 

as k increases and n is fixed, 

(2) Assume further that K is of class number one. Then 

dimi/Lp(r(p"),C)»/- 

as n increases. 

Proof. Recall from Proposition 12.101 that 

dhnif]„^p(r, Ek,k) > ^ (^L{a, T, k) + tr(a^i,, T, k) - tr(a|i,, T, k)^ . 

When r is fixed, by Corollary 14.21 the dimension of the Eisenstein part of the cohomology 
is the same for every weight A; > 0. Hence, the asymptotic for (1) is given by Corollary 13.31 

The claim in (2) follows directly from Theorems 14.71 and 14.51 together with the Lefschetz 
number formula provided in Corollarv 13.31 . □ 

Note that the lower bound in part (ii) above can be seen as volume^ ^'^ . 

5.1. Lower bounds for GL2. In this section we will discuss the trace of a on the coho- 
moogy of GL2(0). For convenience let us put F = SL2(C') and G = GL2(C'). 

Let us start with a couple of observations. As G = F xi (/?) with /3 := and /? acts 

trivially on the cusps of F, the groups F and G have the same cusps. Given a cusp c, its 
stabilizer in G (modulo it/d) is of the form 7? x Z/2Z. This implies that the connected 
components of the boundary of Borel-Serre compactification of Yq are 2-orbifolds whose 
underlying manifolds are 2-spheres. In turn, the cohomology of the boundary vanishes and 
we get 

H^{G, Ek^k) = H^usp{G,Ek,k)- 
From the inflation-restriction sequence we see that 

H\G,Ek,k) = H\T,Ek,k)'^^l 
The involutions and commute and equals the action of /3. Hence we get 

H^{G,Ek^k) = H^i^, Ek^kT • 
Counting the dimensions of the common eigenspaces, we see by comparison that 
tr(T\ F, Ek,k) + tr(a\ F, Ek,k) = 2 • tr(a\ G, Ek,k)- 
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The matrix f3 acts on Ef^^^ trivially and acts as —Id on //^(SXp, -EfcjA;)- This implies that 

Using this last identity, together with the previous facts, we get (dropping E^^k from the 
notation for convenience) 

L{t, r) + L{a, F) = -4 • tT{a\G) + trir^, F) + tr(aO, T) + tr(T|,„ T) + tr(a|,„ T). 

Using results from previous sections, we get the following simplified formula for the trace 
of (Ton H^{GL2{0),Ek,k)- 

Theorem 5.4. Let L{t,SL2{0), Ek,k) and L{a,SL2iO), Ek^k) be as in Theorem [X^j Then, 

tT{a' I H\GL2{0), Ek,k)) = ^ (^L{t, SL2{0),Ek,k) + L{a, SL2{0),Ek,k) + 2* - 4 • 6{k, 0)^ 

where t is the number of rational primes which ramify over K and 6{k, 0) is the Kronecker 
6-function as defined in Theorem \4-5\ 

Using Theorem 13.41 and the fact that 

dimH\GL2{0),Ek,k) > Ma\GL2{0), Ek,k)\, 
we get the following asymptotics. 

Corollary 5.5. Let D be the discriminant of K/Q and Ok be its ring of integers. As K/Q 
is fixed and A; — )• oo, we have 

dimH\GU{OK),Ek,k)^k 

where the implicit constant depends on the discriminant D. As k is fixed and \D\ — )• oo, we 
have 

diTaH\GU{OK),Ek,k)->^{D) 
where ip is the Euler phi- function and the implicit constant depends on the weight k. 

Note that one can write a more precise formula for the lower bounds above. As the 
formulas for the Lefschetz numbers are complicated, we stated our results in a slightly 
weaker form for the sake of simplicity . 

6. Base change modular forms 

It is well-known to the specialists that there is an intimate relationship between the lower 
bounds we derived above and the size of base change classes in the cohomology. However 
the literature on Bianchi groups contains, to the best of our knowledge, only a couple of 
vague remarks on this issue. Therefore we decided to include a detailed discussion of this 
relationship in this paper. 

The well-known Eichler-Shimura-Harder isomorphism identifies //^„gp(SL2(C'), -Efc) with 
the space of level one weight k + 2 cuspidal Bianchi modular forms (that is, modular forms 
over the imaginary quadratic field K) as Hecke modules. Let 

Hl{^U{0),Ek,k) 

denote the subspace of i7^usp(SL2(0), -Bfc^fc) which corresponds to (twists of) those cuspidal 
Bianchi modular forms which arise from classical cuspidal modular forms via base-change or 
arise from a quadratic extension of K via automorphic induction (see [7] for these notions) . 
In [7], Finis, Grunewald and Tirao determined the size of i?^^(SL2(C'), -E^, fc). We include 
their formula, which depends on K and k, here for sake of completeness. 
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Theorem 6.1. (Finis- Grunewald-Tirao) Let K = Q{-\/d) be an imaginary quadratic field, 

TZ the set of primes ramified in K , and for each p G TZ let Vp be the exact power ofp dividing 
the discriminant of K. Then the dimension of H^^{SL2{0), E^^k) is given by 



(^n(^''^+i)+'^2(-i)(''+^M (fe+i) 

V pen J 



VK,k^ - 2l^l ^ + C4efe+2 + C3//fe+2 + Skfi 



where hx is the class number of K, 5 is the Kronecker delta symbol, 

J (l/4)(-l)'=/^, ifk is even 



0, 

-(1/3), 
(1/3), 



else 

if n=l (3) 
tf n = 2 (3) 
if n = (3) 



C2 



2l^l-^ if p=l (4) \/p G 7^\{2} 
0, else 



'2l^l-i, if p^f = 1 (3) VpG7^ 
C3 = < 2l^l-2, if Sen and p"^ = 1 (3) Mp G 7^\{3} 
0, else 

'2l^l, i/ p^'p = 1 or3 (8) V^>G7^ 
C4 = < 2l^l-^ if 2 en and p"^ = 1 or 3 (8) Vp G 7^\{2} 

0, e/se 

and VK,k is equal to 1 for every k unless d G { — 1, —3}. In the latter cases, we have 

I 1, if k is odd 
0, else 



ifk = 2{3) 

We immediately see that the dimension of i7^usp(SL2(C), -E'fejfc) has a lower bound that 
is linear in the weight k as k increases. 

We are interested in relating H^^{SL2{0), E^^k) to involutions in the automorphism group 
of the Bianchi group SL2(C'). In order to do this, let us recall the definition of Hecke 
operators acting on the cohomology. 

Let us put r = SL2(0) for convenience. Let a G GL2(-fC). Put Fq, := F fl a^^Fa and 
F" := F n oFq-^ Let F be a right Z[GL2(0)]-module. We define the Hecke operator 
associated to a on the cohomology as the composition 



H\r^,v)^H\r'^,v) 
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where the map a. is defined by 

c !->• h- ). cipr^goi) ■ q'') 

where c is a cocycle in ^) and a'' = det(a)a~"^. 

Let us describe Hecke operator Tq explicitly on 1-cocycles. Fix a set of coset representa- 
tives {7i}i of r" in r. Given 5 G F and 7j, there is a unique 70g(i) such that 7^^(^)571 € F". 
Then 

{Tac){g) = Y,<(^~^%l(i)91i(^) ■ "'7i 



for all cocycles c in H^iT, V) and 5 G F. We have Ta[c\ = [T^c] and the the cohomology 
class of the 1-cocycle TqC is independent of the set of coset representatives {7i}j. Given 
an element tt G O, the Hecke operator associated to tt is defined as the Hecke operator 
associated to the matrix (q 5) ^ GL2(i^). 

When TT = — 1, the Hecke operator T-^- amounts to the involution induced by the conju- 
gation action of /3 := ( "^^ ° ) on F that we have discussed in the previous sections. Hence 
It is easy to observe that = T_i oT-,^. As mentioned before, the part of 
cohomology on which T_i acts as Id can be identified with H^{G\^2{0)^ V). On this sub- 
space the two operators and agree and hence we can talk about the Hecke operator 
Tp associated to the ideal p = (tt) = (-tt) on iJi(GL2(0), V). 

Given a 1-cocyle c, the action of a can be described explicitly as follows: 

rc)(5)='^(c(5)) 

for every g G SL2(0). We say that a cohomology class [c] is a Hecke eigenclass with 
eigenvalue system {a-,r}-KeO if it is a simultaneous eigenvector under the action of the Hecke 
operators with Tt^[c\ = Qt^Ic] for all tt G C 

Lemma 6.2. Let [c] G H^{T,V) be an Hecke eigenclass with eigenvalue system, {aTr}neO- 
Then ^[c] is also a Hecke eigenclass with eigenvalue system {^TrlTreO where b^^ = ajj-. 



Proof. It is well-known that the Hecke operators satisfy certain multiplicative properties 
and therefore it is enough to consider with prime tt. So fix a prime element tt G O of 
prime normp and put a = ( q ?)• The matrices ji = { \ D fox i = 0, ...,p—l and 7p = (? ^ ) 
form a set of coset representatives of F" = Fo(7r) in F. Notice that 7j's are fixed under a. 
Notice also that if j~'^gji G F", then jj'^g^i G F^. 

By our hypothesis T^c = ■ c + d where d is a coboundary. We remark that "^d is also 
a coboundary. Now, having made these remarks, for every g G SL2(0) we have: 
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i 

i 

i ^ ' 

i 

= a^-'^(c(5)) + rd)(<7) 
= a^-rc){g) + i'^d)ig) 



This completes the proof. □ 

In the next proposition, we show that the involution induced by complex conjugation 
captures base-change classes. 

Lemma 6.3. Let [c] G H^{GL2{0), E^^k) t>e an Hecke eigenclass. Then the followings are 
equivalent. 

i. [c] is an eigenvector for a 

ii. [cf = ±[c] 

iii. [c]eHl{GU{0),Ek,k) 

Proof. Let {aTrlTreo be the eigenvalue system associated to [c]. Note that a-,^ = if and 
only if [c] G Hl^{GU{0), Ek^u). see P Theorem 2]. 

Since a is an involution the eigenvalues of a is ±1 and so {i) implies {ii). Now, assume 
that [c]'^ = ±[c]. Then, the eigenvalues of [c] and [c]'^ are the same. By Lemma 16.21 above. 
= Off and [c] is a base-change class. This proves {ii) =^ {Hi). 

Finally suppose that [c] lies in the base-change part of the cohomology. Then, by Lemma 
16.21 above, [c] and [c]'^ have the same eigenvalue system. This implies that [c] is an eigenform 
for a. □ 

It follows that the trace of a on the non-base change part of H^{G\-i2{0), Ek,k) vanishes. 
Proposition 6.4. Let the notation he as above. Then 

(1) dixnH\GU{0),Ek,k)-dixnHl{GU{0),Ek,k) even. 

(2) ti{a I H\GL2{0),Ek,k))=ti{a \ Hl{GU{0),Ek,k)). 

Proof. Let 6i, hm-, ci, Ck be Hecke eigenforms which forms a basis of i/^„^p(GL2(C'), -Efc.fc) 
such that 5i, ...,6m, is a basis of Hl^{Glj2{0)^Ek^k)- Then, by Lemma [6121 a permutes the 



26 



MEHMET HALUK §ENGUN AND SEYFI TURKELLI 



1-dimensional subspaces generated by Cj's and none of them are fixed by a by Lemma 16.31 
This shows that the number of non-base-change forms ci, ...,Cfc is even. 

Moreover, Cj ± c1 is an eigenvector for a with eigenvalue ±1. Hence, the second claim 
follows immediately. □ 

In [2^, Scheutzow computed the dimensions of i?^(GL2(C'), C) for imaginary quadratic 
fields K with discriminant > —260. Comparing with the trace of a (using the formula in 
15. 4p . we conclude the following. 

Theorem 6.5. Let K he an imaginary quadratic field with discriminant > —260. Assume 
that K il^Q{-\/^^T2^). Then 

H\Gh2{OK)X) = HI{GU{Ok),C). 

For K = Q(-v/— 223), the dimension of H^{G\j2{Ok),C) is 8, where as the trace of a 
on H^{G1j2{Ok),C) is 6. Using the formula of Finis-Grunewald-Tirao given in Theorem 
16.11 we compute that the dimension of the ff^^(GL2(C'x), C) is 6 as well, giving us the 
existence of a two dimensional space of cuspidal Bianchi newforms which are not base- 
change. For an extensive numerical investigation on the paucity of non-base-change classes 
in the cohomology of Bianchi groups, see the recent paper of Rahm and §engiin |18j . 

In regards to i/(J^(SL2(C', C), the correct involution that captures base change classes, in 
the sense of item (2) of Proposition 16. 4^ is not a as one would naively think. This should 
be due to the fact that SL2-base change is more subtle compared to GL2-base change due 
to L-indistinguishability, see |15^ 116]. It seems that the correct involution in this case is r. 
We conjecture the following. 

Conjecture 6.6. We have 

dimHl,{SL2{0),Ek,k) = tr (r I H\SL2{0), Ek,k)) • 

We have verified on a computer that 

dim//,i,(SL2(Orf),C) = tr (r I H\SL2{Od),C)) 

for 5 < d < 10^. 
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